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Abstract. For any algebra two families of coloured Yang-Baxter operators are 
constructed, thus producing solutions to the two-parameter quantum Yang-Baxter 
equation. An open problem about a system of functional equations is stated. 
The matrix forms of these operators for two and three dimensional algebras are 
computed. A FRT bialgebra for one of these families is presented. Solutions for 
the one-parameter quantum Yang-Baxter equation are derived and a Yang-Baxter 
system constructed. 
Comm. Algebra 34 (2006) 2713-2726. 



1. Introduction 

The quantum Yang-Baxter equation (QYBE) plays a crucial role in analysis of 
integrable systems, in quantum and statistical mechanics and also in the theory of 
quantum groups. In the quantum group theory, solutions of the constant QYBE lead 
to examples of bialgebras via the Faddeev-Reshetikhin-Takhtajan (FRT) construc- 
tion j^lini- On the other hand, the theory of integrable Hamiltonian systems makes 
great use of the solutions of the one-parameter form of the QYBE, since coefficients 
of the power series expansion of such a solution give rise to commuting integrals of 
motion. The purpose of this paper is two-fold. First we study non-additive solutions 
of the two-parameter form of the QYBE, also known as the coloured QYBE. Such 
a solution is referred to as a coloured Yang-Baxter operator. Secondly, we construct 
the one-parameter Yang-Baxter operators and associate to it a Yang-Baxter sys- 
tem. We also compare our results with other well-known solutions. It is imperative 
to note that the Yang-Baxter operators presented here are obtained from algebra 
structures, and are therefore distinct from the i?-matrices that arise from quasitri- 
angular Hopf algebras. See [3 HH EE UJ] for ordinary Yang-Baxter operators, [TU] 
for one-parameter form of the QYBE, [HI ^TJJ for the coloured QYBE, [3J [H)] for 
Yang-Baxter maps and [T3J CS] for coloured quantum groups. 



2. Construction of coloured Yang-Baxter operators 

Formally, a coloured Yang-Baxter operator is defined as a function 

R : X x X -> End k (V ® k V), 

where X is a set and V is a finite dimensional vector space over a field k. Thus for 
any u, v € X, R(u, v) : V ®fc V — ► V <S>fc V is a linear operator. Starting with this 
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operator one constructs three operators acting on a triple tensor product V®kV®kV , 
Ru(u, v) = R(u,v) ®k I, R23(v,w) = I ®k R(v,w), and similarly Ri 3 (u,w) as an 
operator that acts non-trivially on the first and third factor in V ®k V ®k V. R is a 
coloured Yang-Baxter operator if it satisfies the two-parameter form of the QYBE, 

(2.1) Rn(u, v)R 13 (u, w)R 23 (v, to) = R 23 (v, w)R 13 (u, w)R 12 (u, v) 

for all u,v,w G X. This is essentially the spectral parameter dependent QYBE 
and non-additivity implies R(u,v) ^ R(u — t>). One of the aims of this paper 
is to construct two classes of coloured Yang-Baxter operators based on the use of 
associative algebra structures built on V. We also state an open problem related to 
a system of functional equations. All tensor products appearing in this paper are 
defined over k. From now on we assume that X is equal to (a subset of) the ground 
field k. The method of constructing solutions to equation (|2.1|) is based on the ideas 
applied in (21 E] to the case of the constant QYBE: 

(2.2) R12R13R23 = R23R13R12 

The key point of the construction is to suppose that V = A is an associative k- 
algebra, and then to derive a solution to equation (|2.1|) from the associativity of the 
product in A. Guided by the observation that the operator 

R: A® A A® A given by a®b^l®ab + ab®l-b®a 

satisfies the constant QYBE, we seek a solution to equation (j2.1J) of the following 
form 

(2.3) R(u, v)(a ®b) — a(u, v)l ® ab + f3(u, v)ab ® 1 — 7(11, v)b ® a, 

where a, 0, 7 are fc-valued functions on X x X. 

Now, inserting this ansatz into equation (|2.1j) one finds that R(u, v) is a solution 
of the two-parameter QYBE if and only if the coefficients of certain terms are equal 
to zero. We present some of these calculations below. 

R™ o R™ o R™(a®b® c) = 0{u,v)0(u,w)0{v,w)abc® 1 <g> 1+ 
a(u, v)0(u, w)0{v,w)l® abc ® 1 — j(u, v) 0(u, w) 0{v , w)bc ® a ® 1 + 
0(u, v)a(u, w)0(v, w)bc ® 1 ® a + a(u, v)a(u, w)(3(v, w)l®bc® a— 
7(14, v)a(u, w)0(v, w)bc ® 1 ® a — 0(u, v)j(u, w)0(v, w)bc ®1® a— 
ac(u, v)j(u, w)0(v, w)l (g) be® a + j(u, v)"y(u, w)/3(v, w)bc ® 1 ® a+ 
0(u, v)0(u, w)a(v, w)abc ® 1 ® 1 + a(u, v)0(u, w)a(v, w)l ® abc ® 1 — 
7(11, v)0(u, w)a(v, w)l® abc ® 1 + 0(u, v)a(u, w)a(v, w)l <g> 1 ® abc+ 
a(u, v)a(u, w)a(v, w)l <g) 1 ® abc — 7(1/, v)a(u, w)a(v, w)l (g) 1 <g> a&c— 
/3(m, u )7(tt, io)a(i>, u>)6c (g) 1 (g) a — a(tt, v)j(u, w)a(v, w)l®bc® a+ 
j(u, v)j(u, w)a(v, to)l ® 6c ® a — /3(w, v)0(u, w)~f(v, w)abc ® 1 <g) 1— 
a(it, v)0(u, w)j(v, w)l <g> a6c (g) 1 + 7(11, v)0(u, w)j(v, w)c® ab® 1— 
/3(u, -o)a(n, 10)7(1;, u>)c® 1 ® afe — a(w, 10)7(1; , to)l (g) c (g) a&+ 

7(11, i>)ci(m, 10)7(1; , io)c <g> 1 (g) ab + /3(n, v)7(ii, 10)7(1;, w)bc (g) 1 ® a+ 
a(it, f )7(tt, 10)7(1;, io)l (g) 6c (g) a — 7(11, f)7(it, 10)7(1;, io)c ® b® a 

R23" ° R13 ° Ru{a®b®c) = 0(v, w)0(u, w)0(u, v)abc ® 1 ® 1+ 
a(u, w)0(u, w)0(u, v)abc ®1®1— 7(1;, w)0(u, w)0(u, v)abc ® 1 (g) 1 
/3(i;, u;)a(ix, w)0(u, v)l® abc ® 1 + a(-o, io)a(w, w)0(u, v)l® 1 ® abc— 
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7(1?, w)a(u, w)j3(u, v)l ® abc ® 1 — /3(v, w)^{u, w)(3{u,v)c® ab <g> 1— 

w)j(u, w)j3(u,v)c® 1 ® ab + j(v, w)j(u, w)fi(u, v)c® ab ® \ 
(3(v, w)(3(u, w)a(u,v)c<S> ab ® 1 + a(t>, w)j3(u, w)a(u, v)c<S> 1 <S) ab— 
7(1?, w)j3(u, w)a(u, v)c® 1 ® ab + (3(v, w)a(u, w)a(u, v)l ® abc <g> 1 + 
a(w, to)a(-u, to)a(w, t>)l ® 1 (g) abc — 7(1;, w)a(u, w)a(u, v)l ® c (g) ab— 

w)7(m, t>)c® ab ® 1 — a(-o, 10)7(14, u>)a(ti, -o)cCg> 1 <8 ab+ 

7(1?, u>)7(u, to)a(u, t>)c ® 1 ® ab — (3(v, w)j3(u, 10)7(14, v)bc® a® 1 — 
a(-o, w)/3(u, 10)7(1/, v)bc ® 1 <E> a + 7(1; , w)/3(u, 10)7(14, v)bc ®1® a— 
(3{v, w)a(u, 10)7(1/, v)l ® abc ® 1 — a(t>, u>)a(n, 10)7(1/, v)l Cg) 1 ® abc+ 
7(1;, u>)a(n, 10)7(1*, u )1 (g> be ® a + /3(-o, 10)7(11, 10)7(1/, t> )c ® ab <g> 1+ 
a(t>, 10)7(11, 10)7(1/, v )c ® 1 <g> ab — 7(1;, 10)7(11, 10)7(1*, u )c ® b (g> a 

The equality R%%oR™oB™(a®b®c) = R$ oR™ oR™(a®b®c) implies that the 
coefficients of the following terms are equal to zero: 1 ® abc ® 1 , be (g> 1 ® a, 1 ® be ® a, 
c <E> ab <g) 1 and c® 1 ® ab. Thus, we obtain the following system of equations: 

(P(v, 10) — -y(v, w))(a(u, v)(3(u, 10) — a(u, w){3(u, v)) 

(2.4) +(a(u, v) — 7(1/, v))(a(v, w)j3{u, w) — a(u, w)/3(v, to)) = 

/3(v, w)(/3(u, v) — j(u, v))(a(u, to) — 7(14, w)) 

(2.5) +(a(v, to) — j(v, w))(P(u, w)j(u, v) — (3(u, v)"y(u, to)) = 

a(u, v)/3(v, w)(a(u, to) — j(u, w)) + a(v, 10)7(11, w)(j(u, v) — a(u, v)) 

(2.6) w)(a(u, 17)7(14, to) — a(u, 10)7(14, v)) = 

a(u, v)/3(v, w)({3(u, w) — "f(u, to)) + P(v, w)j(u, w)(j(u, v) — f5(u, v)) 

(2.7) +l(v, w)(0(u, v)~f(u, w) — (3(u, w)j(u, v)) = 

a(u, v)(a(v, w) — j(v, w))({3(u, w) — j(u, w)) 

(2.8) +(/3(u, v) — 7(11, v))(a(u, 10)7(1", to) — a(v, w)~f(u, to)) = 

The system of equations (|2.4H2.8|) is rather non-trivial. Nonetheless, it has some 
remarkable symmetry properties which can be used to find some solutions. For 
example, let us observe that the equations (|2.5|) and (|2.8|) are in some sense dual to 
each other. Likewise, ()2.6|) and (|2.7|) are in some sense dual to each other. In this 
paper we find some families of solutions for this system. It is an open problem to 
classify all its solutions. 

First, we try to find solutions to the system of equations (j2.4H2.8j) of the following 
form: a(u, v) = pu — p'v, 0(u, v) = qu — q'v and 7(14, v) = ru — r'v. We obtain 
the solutions: a(u, v) = p(u — v), (3{u, v) = q{u — v) and 7(1*, v) = pu — qv. Thus, 
we are guided to the following results. 
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Theorem 2.1. i) For any two parameters p,q G k, the function 
R : X x X — > End k (A <g> A) defined by 

(2.9) R(u, v)(a <S> b) — p(u — v)l <g> ab + o(it — i>)a& (g> 1 — (pit — qv)b ® a, 

zs a coloured Yang-Baxter operator. 

ii) If pu ^ qv and qu ^ pv then the operator \2. ,9)) is invertible. Moreover, the 
following formula holds: 

i? 1 (ii,f)(a®6) = 7 — r6a®l+- . . -\®ba-- -bm . 

[qu — pv) (pu — qv) (qu — pv) (pu — qv) (pu — qv) 

Proof, i) The proof can be done by following the steps presented above. Another 
way to prove this theorem is by direct calculations. The computations are quite 
involved. 

ii) This can be verified by direct calculations. □ 



Remark 2.2. For any coalgebra (C, A, e) and two parameters p,q G k, the function 
R c : X x X ^ End k (A <g> A) defined by 

(2.10) Rc{u, v)(c ® d) = p(u - v)e(c)A(d) + q(u - v)e(d)A(c) - (pu - qv)d ® c, 

is a coloured Yang-Baxter operator. This follows from section 2, The transfer of 
the theory to coalgebras , of [2]. 

The system of equations ()2.4H2.8|) has another class of solutions: a(u, v) = p u q v , 
P(u, v) = p u s v and j(u, v) = p u s v . Thus, we obtain the following theorem. 

Theorem 2.3. i) For any three parameters p, q, s G k, the function 
R' : X x X -> End fe (A <g> A) defined by 

(2.11) R'(u,v)(a®b) = p u (q"l ® ab + s v ab <g> 1 - s v b a) 

is a coloured Yang-Baxter operator. 

ii) If p 0, q 0, s ^ 0, then the operator \2.11\) is invertible. Moreover, the 
following formula holds: 

R'~ x {u, v)(a ® 6) = —(—ba ® 1 + — 1 ® 6a - — 6 ® a) . 

pU s v gV g v 

Proof. Similar to that of Theorem 12.11 □ 



Remark 2.4. The system of equations ()2.4H2.8|) has also the following class of solu- 
tions: a(u,v) = p u q v , f}(u,v) = s u q v and j(u,v) =p u q v . 
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3. SOLUTIONS IN DIMENSIONS 2 AND 3 

We consider the algebra A = rpz^y, where a G {0, 1} is a scalar. Then A has 
the basis {1, x}, where x is the image of X in the factor ring. We consider the basis 
{1 <g) 1,1 <g) x,x ® l,x <g) x} of A® A and represent the operator (|2.9|) in this basis: 

R(u, v)(l <g> 1) = (gu - pu)l (8) 1 

i?(-u, u)(l (g) a?) = p(u — v)l <g> x + (q — p)ux ® 1 

i?(it, f )(x <8> 1) = (g — p)vl ® x + g(w — i> )x ® 1 

f )(x g) x) = o(p + q){u — v)l <g> 1 — (pit — gv)x <8> a; 

In matrix form, this operator reads 

/ qu — pv 

p(u — v) (q — p)v 
(q — p)u q{u — v) 



(3.12) R(u,v) 



V 
















a(q + p)(u - v)\ 



qv — pu 



and satisfies the coloured QYBE. This equips us to look at the FRT bialgebra 
structure associated to this /^-matrix operator. Let us recall fSl CHj (and references 
therein) that the coloured extension of a FRT bialgebra involves the generators to 
be parametrized by some continuously varying colour parameters, and redefining the 
algebra and the coalgebra such that all Hopf algebraic properties remain preserved. 
Using the coloured FRT approach, the coloured RTT- relations are 



(3.13) 
where Ti v 



T 



R(u, v)T lu T 2v = T 2v T lu R(u, v) 
1, T 2v = 1<S)T V . The generators are arranged in the matrices 



T 



b v 



T 



b v 
d v 



The i?TT-equation (|3.13J) then gives the algebra commutation relations: 

3.14) p(u - v)[a u ,d v ] - (q-p)(uc v b u - vc u b v ) = 

3.15) p(u - v)a u c v - (qu - pv)c v a u + (q — p)vc u a v = 

3.16) (qu — pv)a u b v — p(u — v)b v a u — (q — p)ua v b u + a(q + p)(u — v)c u d v = 

3.17) p(u - v)b v c u - q(u - v)c u b v - (q - p)u(a u d v - a v d u ) = 

3.18) (qv — pu)c u d v — p(u — v)d v c u — (q — p)uc v d u = 

3.19) p(u — v)b u d v — (qv — pu)d v b u + (q — p)vd u b v — a(q + p)(u — v)c v a u = 



3.20) (qu - pv) [a u , a v ] + a(q + p)(u - v)c u c v = 

3.21) (qu — pv)b u b v — (qv — pu)b v b u — a(q + p)(u — v)(a v a u — d u d v ) = 

3.22) (qv - pu)c u c v - (qu - pv)c v c u = 

3.23) [du,dv] = -[a u ,a v ] 

3.24) [a u ,d v ] = [a v ,d u ] 

3.25) q(vc u b v - uc v b u ) - p(vb v c u - ub u c v ) = 
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All the above relations (j3.14ti3~23|) are symmetric with respect to the u <-> v ex- 
change. Note that relation (J3.22)) can be obtained from (J3.20)) when a 7^ 0, but 
holds independently of (|3.2(J|) if a = 0. This algebra does not have an uncoloured 
counterpart i.e. the limit u = v does not hold. However, an interesting algebra 
arises in the limiting case of p — q. The coproduct is A(T U ) = T U ®T U where (g) is 
the usual symbol for tensor product and matrix multiplication at the same time. 
The co unit is e ( °? ^ ) = ( 1 ) ■ Finding a quantum determinant remains a difficult 
task, and we conjecture that the above algebra does not admit one. 
In the limit p = q, this algebra reduces to 



[a u ,d v ] = 
[a u ,c v ] = 
[b v , c u \ = 
{c u ,d v } = 

Cy} 



[a u , b v ] + 2ac u d v = 
{b u , d v } - 2ac v a u = 
[a u , a v ] + 2ac u c v = 
{K, K} - 2a(a v a u - d u d v 



while relations (|3.23|) and (J3.24)) remain unchanged. Note that the relation (J3.25|) 
arises as a compatibility condition for the u <-» v exchange symmetry, which does 
not have an analogue when p — q. This limit is interesting since the deformation 
parameter q can be factored out from the i?-matrix (j3.12j) itself which then de- 
pends only on the difference u — v. Consequently, the algebra in this limit is also 
independent of q. 

The operator (j2.11|) in the same basis reads 



(3.26) 



R'(u,v) 



p" 



(q v 







q v 







q v — s l 
s v 




a(q v + s v )\ 



-s v ) 



Next, we present solutions in dimension three. Consider the algebra B = ^ x3 k }f^_ p ^ , 
where e and p are scalars. Then B has the basis {1, x, x 2 }, where x is the image of 
X in the factor ring. We consider the basis {1 ® 1,1 ® x, 1 ® x 2 ,i ® l,x ® x,x ® 
x 2 , x 2 ® 1, x 2 (g) x, x 2 (g) x 2 } of B (g> B and represent the operator ()2.9|) in this basis, 
in the matrix form 



(3.27) 



R(u, v) 



fw 














pt'X 





pt'X 


\ 





pX 





tv 





epX 





epX 


ppX 








pX 





pX 





tv 





epX 





tu 





qX 





eqX 





eqX 


pqX 














;// 



































w' 











tu 





qX 





qX 





eqX 

















w' 











\o 























w' J 



where X = u — v, t — q — p, t' — q + p, w = qu — pv, and w' = qv — pu. 
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Similarly, the operator (j2.11|) can be represented in the same basis and has the 
matrix form 
(3.28) 



R'(u, v) = p 



(<? 














p(q v + s v ) 





p(q v + 8°) 


o \ 





(f 





q v _ s v 





eq v 





eq v 


p(f 








(f 





(f 





q v _ g v 





eq v 











s v 





es v 





es v 


ps v 














-s v 



































-s v 

















s v 





s v 





es v 

















-s° 











\o 























-s v J 



4. One-parameter Yang-Baxter operators 

The analysis presented above leads naturally to look at solutions of the one- 
parameter QYBE. Let X be a set, Z G X x X and V is a finite dimensional vector 
space over a field k. Formally, an one-parameter Yang-Baxter operator is defined as 
a function 

R:X^ End k (V ® fc V). 

Thus for any x G X, R(x) : V ®k V — > V <S>k V is a linear operator. R is a one- 
parameter Yang-Baxter operator if it satisfies the one-parameter form of the QYBE, 



(4.29) R 12 (x)R 13 (tp(x, z))R 23 {z) = R 23 (z)R l3 (<p(x, z))R 12 (x) 

for all (x, z) G Z, where ip : Z X. 

We seek a solution to equation ()4.29|) of the form 

(4.30) R(x)(a <g) b) = a(x)l <g> ab + (5{x)ab ®l- >y(x)b ® a, 

where a, /3, 7 are A;-valued functions on X. 

Now, inserting this ansatz into equation ()4.29|) one finds that R(x) is a solution 
of the one-parameter QYBE if and only if the coefficients of certain terms are equal 
to zero. Thus, we obtain the following system of equations: 



FLORIN F. NICHITA AND DEEPAK PARASHAR 



(P(z) - j(z))(a(x)/3((p(x, z)) - a(<p(x, z))(3(x)) 

(4.31) +{a{x) - 7{x)){a{z)f3{ip{x, z)) - a(<p(x, z))j3{z)) = 

(3(z)((3(x) - j(x))(a(<p(x, z)) - j((p(x, z))) 

(4.32) +(a(z) - -y{z))(/3{<p(x, z)) 7 (x) - (3(x)j(<p(x, *))) = 

a(x)(3(z){a(ip(x, z)) - y(<p(x, z))) + a(z)j((p(x, z))( 7 (ar) - a(x)) 

(4.33) +-y(z)(a(x)y((p(x, z)) - a(<p(x, z))j(x)) = 

a(x)P(z)(P{<p(x, z)) - >y(<p{x, z))) + P(z)-y{<p(x, z))(-y(x) - P(x)) 

(4.34) +l(z)(P(xH(p(x, z)) - Piipix, z))j(x)) = 

a(x)(a(z) - j(z))(p((p(x, z)) - j(<p(x, z))) 

(4.35) +(p(x) - j(x))(a(p(x, z))j(z) - a(z)j(cp(x, z))) = 

Finding further solutions for this system of equations and their classification is also 
an open problem. From the above analysis it follows that the system of equations 
(|4.3lti4~33j) has the following solution: a(x) = x — 1, P(x) = q(x — 1) , and 
7 (x) = x — q, where (p(x, z) = xz. Thus, we are guided to the following results. 

Proposition 4.1. i) For any parameter q G k, the function R : X — > Endk(A ® A) 
defined by 

(4.36) R(x)(a (g b) = (x - 1)1 <g> ab + q(x - l)ab ®l-{x-q)b®a, 

is a one-parameter Yang-Baxter operator, where <p(x,z) = xz. 

ii) If x 7^ q and qx ^ 1, then the operator \4-3b\) is invertible. Moreover, the 
following formula holds: 

R~ 1 (x)(a <g> b) = ^— 7^ rba <g> 1 + - — 9< \ . . ^ — -1 <g> ba - . 1 . b ® a . 

{qx — l)(x — q) (qx — l)(x — q) (x — q) 

Hi) For any coalgebra (C, A, e) and a parameter q G k, the function Rq '■ X — > 
End fc (C ® C) defined by 

(4.37) i?c(z)(c ® d) = (a; - l)e(c)A(d) + q(x - l)e(d)A(c) - (ac - <?)d ® c, 
a one-parameter Yang-Baxter operator, where ip(x,z) = xz. 

Remark 4.2. We consider the algebra A = as before and the same basis of 

A Then the operator (|4.3fi|) reads 



(4.38) R(x) 



fqx-1 a(q + l)(x - 1)\ 

(x-1) (q-1) 

(q-l)x q(x-l) 

^0 q-x J 
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The system of equations (j4.31ff4~33j) has another class of solutions: a(x) = x, 
(3{x) = 1 and j(x) = 1, where tp(x,z) = z. Thus, we obtain the following proposi- 
tion. 

Proposition 4.3. i) The function R' : X — > EncU(yl (g> A) defined by 

(4.39) R'(x)(a®b) = xl®ab + ab®l-b®a 

is a one-parameter Yang-Baxter operator, where <p(x, z) = z. 

ii) If x ^ 0, then the operator \4-39^j is invertible. Moreover, the following formula 
holds: 

R'^ 1 {x)(a <g> b) = ba <g> 1 + -1 <g> ba - b <g> a . 

x 

Remark 4.4. The system of equations (j4.31ff4~33j) has also the following class of 
solutions: a(x) = 1, (3{x) = x , and 7(2;) = 1, where tp(x, z) = x. 

Let us now compare our solutions with other well-known spectral-parameter de- 
pendent solutions of the QYBE. Of particular interest is a solution appearing in the 
context of generalisation of some exactly solvable (/-state vertex models ^1] . This 
solution coincides with another solution associated to a multiparametric quantum 
deformation of the universal enveloping algebra of a symmetrizable Kac-Moody al- 
gebra Consider the formula (3.3) in ^2] (which is the multiparameter i?-matrix 
for Ug ; Q(sl(n))) for n — 2. We obtain 

R = c n (q 2 x - l)E n ® E n + c 22 (q 2 x - 1)E 22 ® E 22 

(4.40) +c 22 ~fi 2 (q 2 - 1)E U ® E 22 + c n 7 21 (g 2 - 1)^^22 ® E u 
+C\ 2 Si 2 q(x - 1)E 12 ® E 21 + c 21 s 21 q(x - 1)E 21 <g> E 12 

where parameters c, s and 7's are defined in ^2]- In line with Remark 2 of [T2] . 
we specialise these to be 1 to obtain a single-parameter version. Note that (|4.4U|) is 
a solution of the braid equation, which in the matrix form reads 

\ 



q 2 x — I J 

On the other hand, we also note that our i?-matrix ()3.12|) reduces to ()4.38|) by 
setting p = 1 and adjusting an overall factor of -. In order to compare (|4.38|) with 
(j4.41j) we have to set a = and compose ()4.38|) with the twist map to obtain it as 
a solution of the braid equation, from that of the QYBE (j2.1j) . It turns out that 
both solutions (j4.41j) and twisted ()4.38|) . though distinct, are very similar to each 
other and if we further set q — 1, then both reduce to the same trivial i?-matrix. It 
would be interesting to find further classes of solutions to the system of equations 
(I4.31fl4~33|) that might relate to other known solutions. 



(4.4i; 



R 



I q 2 x — 1 








q 2 — 1 q(x — 1) 

q(x — 1) (q 2 — l)x 
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5. Yang-Baxter systems 

Yang-Baxter systems were introduced in [Z| as a spectral-parameter independent 
generalisation of the quantum Yang-Baxter equation related to non-ultralocal in- 
tegrable systems studied previously in jHj. Yang-Baxter systems are conveniently 
defined in terms of Yang-Baxter commutators. Consider three vector spaces V, V , V" 
and three linear maps R : V®V -> V®V, S : V®V" -> V®V", and T : V'®V" -> 
V'®V". Then a Yang-Baxter commutator 'is a map £>, T] : V®V'®V" -> V&iV'fgiV", 
defined by 

(5.42) [-R, 5, T] = i? 12 o 5ia o T 23 - T 23 o S 13 o fl 12 . 

In terms of a Yang-Baxter commutator, the quantum Yang-Baxter equation ()2.2j) is 
expressed simply as [R, R, R] =0. 

Definition 5.1. Let V and V be vector spaces. A system of linear maps 

w : v®v -> z : -> y : y®^' -»■ fo^' 

is called a WXZ-system or a Yang-Baxter system, provided the following equations 
are satisified: 



(5.43) [W, W,W] = , 

(5.44) [Z,Z,Z] = , 

(5.45) [W, X, X] = , 

(5.46) [X,X,Z] = . 



There are several algebraic origins and applications of WXZ-systems. It has been 
observed in ^7j that WXZ-systems with invertible W, X and Z can be used to con- 
struct dually-paired bialgebras of the FRT type, thus leading to quantum doubles. 
Given a WXZ-system as in Definition 15.11 one can construct an invertible solution 
to the constant Yang-Baxter equation provided W, X and Z are invertible (see pQ 
for details). In [1 it was also shown that a Yang-Baxter system can be constructed 
from any entwining structure and conversely, that Yang-Baxter systems of certain 
types lead to entwining structures. 

The next result is a new construction of a Yang-Baxter system. 

Theorem 5.2. Let A be a k-algebra and A,// 6 k. The following is a Yang-Baxter 
system: 

W : A® A -> A® A, W(a ® b) = XI ® ab + ab ® 1 - b ® a 
Z : A® A -> A® A, Z(a ® b) = 1 ® ab + (tab ® 1 - b ® a 
X : A® A -> A® A, X(a ®b) = l®ab + ab®l-b®a 

Proof. This follows from Proposition I4.3t Remark |4.4[ and [2]. □ 
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We now represent the Yang-Baxter system from the theorem above in dimension 
two in the same basis as in the previous sections: 

/AO <r(A + l)\ 

A A - 1 

1 

\0 



(5.47) 



W 






-1 



/ 



(5.48) 



Z 



(5.49) 




1 





fi-1 
\0 



<r(// + l)\ 

fi 
-1 



X 



/l 2a\ 

10 

10 

\0 -I J 



6. Concluding remarks 

One of our main results is Theorem 12.11 defining a class of coloured Yang-Baxter 
operators (|2.9jl and both (|3.12|) and ()3.27|) are the respective matrix forms, i.e. 
spin-| and spin-1 /^-matrices, for most general algebras in dimensions 2 and 3, 
respectively. This is distinct from the solutions appeared in jSJ. ()3.12j) is likely to 
correspond to some seven-vertex solution of Baxter's solvable models. Similarly, 
Theorem 12.31 produces another class of such operators. As remarked earlier, it is an 
open problem to classify all coloured Yang-Baxter operators solving the system of 
equations iftUP) . 

It is pertinent to note that this work is in the spirit of references [21 HT] . i.e. 
seeking a coloured generalisation of the (constant) Yang-Baxter operators that were 
derived from algebra structures which also produced new classes of solutions to the 
constant QYBE, again distinct from those that had appeared in the literature (see 
for instance [5J). This makes the framework of Yang-Baxter operators somewhat 
different and perhaps more general than the traditional approach of solving the 
QYBE. 

We believe it could be of physical interest to look at Yang-Baxter operators and 
their coloured generalisations to make contact with integrability and vertex models 
in a way analogous to the additive solutions of the spectral parameter dependent 
QYBE. Furthermore, we have shown that one can associate a FRT bialgebra to a 
coloured Yang-Baxter operator exhibiting explicitly for the 2-dimensional case. It 
would be useful to investigate further such algebras (including the coloured quantum 
groups) which on the one hand seem quite constrained, but on the other, possess 
nice properties of the colour exchange symmetries. 

Proposition 14. II defines a class of one-parameter Yang-Baxter operators and The- 
orem 15.21 is another main result which associates a Yang-Baxter system to such 
operators. Further work along these lines will lead to a better understanding of 
spectral-parameter dependent Yang-Baxter operators. 
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